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Response of a Compressible, Turbulent Boundary Layer
to a Short Region of Surface Curvature
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Calculations were performed to investigate the supersonic flow of a turbulent boundary layer over short
regions of concave surface curvature. Upstream of each curved surface the freestream Mach number was 2.9,
Three different constant radii of curvature models were investigated to cover a range of curvatures and turning
angles. The numerical technique solved the full, Reynolds-averaged Navier-Stokes equations using two different
turbulence models: algebraic eddy viscosity model and a one-equation model. The calculations were compared
with recent experimental data and the agreement was surprisingly good, especially for the computations using

the one-equation model.

1. Introduction

N this investigation, we calculate the behavior of a super-

sonic turbulent boundary layer experiencing a short region
of concave surface curvature. Within the curved region, the
boundary layer experiences the combined effects of an adverse
pressure gradient, bulk compression, and concave streamline
curvature.

Longitudinal curvature, bulk compression, longitudinal pres-
sure gradient, and streamline divergence are examples of what
Bradshaw! called ‘‘extra’ strain rates, that is, strain rates
additional to the main shear dU/dy. Experience has shown
that even relatively small extra strain rates can have very
significant effects on the flow behavior. For instance, a small
amount of concave curvature in a zero-pressure-gradient, sub-
sonic flow amplifies the turbulence levels strongly, increases
the turbulence length scales, and produces longitudinal roll
cells through a Taylor-Goertler-like instability.>* In a super-
sonic flow, similar effects appear .to occur. For example,
Thomann® obtained heat-transfer data for a zero-pressure-
gradient, Mach 2.5 turbulent boundary layer on a concavely
curved wall and found that even weak curvature dramatically
increased the heat-transfer rates.

Little is known, however, regarding the simultaneous action
of different extra strain rates. They appear to interact strong-
ly, and the interaction can be extremely complex. For exam-
ple, Smits et al.® found that a boundary layer experiencing the
simultaneous effects of concave curvature and streamline di-
vergence did not exhibit the turbulence amplification expected
if each effect were added linearly. Nor did the boundary layer
show any evidence for the presence of longitudinal roll cells
(see also Smits and Joubert’ and Smits and Wood?). These
studies indicated that the amplification of longitudinal vortic-
ity by concave curvature and the amplification of spanwise
vorticity by divergence interact nonlinearly to prevent the
formation of steady longitudinal vortices.
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In the present case of a compressible flow over a concavely
curved wall, curvature acts in combination with the bulk
compression and longitudinal pressure gradient. Similar flow
geometries were investigated by McLafferty and Barber,?
Hoydysh and Zakkay,'® Chou and Childs,!! and especially
Sturek and Danberg!®!?® and Laderman.!* The results, how-
ever, gave little indication regarding the relative influence of
each effect, and they provided little insight into the effect of
perturbation rate.

Previous calculations of compressible flows with streamline
curvature are limited in number. The early work by Brad-
shaw!s was restricted to plane walls with adverse pressure
gradients, and later work has usually focused on the comp-
utation of shock-wave/boundary-layer interactions.!®!? The
Sturek-Danberg flow, however, has been calculated by several
workers, and the results were summarized by Rubesin et al.!®
The turbulence models used in these calculations ranged from
a simple mixing length relationship to a full Reynolds stress
model, and the results were rather contradictory. For exam-
ple, the mixing length model predicted the mean velocity
profiles fairly well, but the agreement with the skin-friction
distribution was poor. Yet, the Reynolds stress model gave
precisely the opposite results. When taken as a whole, these
calculations demonstrate how difficult it is to predict complex,
compressible flows.

‘To improve our understanding of curved, compressible
flows, Taylor and Smits'® recently tested the three models
shown in Fig. 1. For model 1, the ratio of initial boundary-
layer thickness to radius of curvature §,/R was 0.1, and the
turning angle was fixed at 8 deg; for model II, 6,/R was 0.02,
and the turning angle was 8 deg; and for model III, 6,/R was
0.02, and the turning angle was 16 deg. Further experimental
details may be found in Taylor.?

These three experiments tested the response of the boundary
layer to a wide range of stress gradients and strain rates. This
range is illustrated in Fig. 2, where the magnitudes of the pres-
sure gradient, compression, and curvature are qualitatively
shown. The area under each curve represents the overall pres-
sure rise, density change, and total turning angle for each mod-
el. By examining a range of perturbation rates and strengths,
the experiments serve as an excellent test case for turbulence
models.

Two different turbulence models were used in the current
calculations: the algebraic eddy viscosity model due to Bald-
win and Lomax?' and the one-equation model due to Rube-
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Fig. 1 Test model geometries: a) model I; b) model II; and ¢) model
III (R is the longitudinal radius of curvature).

sin.?2 The Baldwin-Lomax model was choseri because of its
widespread use in compressible flow calculations, particularly
where the boundary conditions are changing rapidly (see, for
example, Visbal and Knight?}). The version of the Rubesin
model used here is due to Viegas and Coakley,'¢ and it intro-
duces an elementary history effect into the calculations. The
models were used in a numerical solution of the full, Réy-
nolds-averaged Navier-Stokes equations using an implicit ap-
proximate factorization finite-difference algorithm. Neither
turbulence model takes explicit account of direct curvature
and compressibility effects on the turbulence. Recent unpub-
lished computations by Fernando and Donovan at Princeton,
using the boundary-layer code developed by Bradshaw,2* indi-
cated that the empirical corrections required to take account
of the compressibility effects were significant in that case.
Here, we use the Reynolds-averaged Navier-Stokes equations,
and one of the aims of these calculations is to determine the
need for empirical extra strain-rate corrections in this context.
Further details of the numerical scheme are given in Sec. II
and III.

The results of the calculation are compared with experimen-
tal data in Sec. IV, and a discussion and conclusions are
presented in Sec. V.

II. Governing Equations

The strong conservation law form of the Navier-Stokes equa-
tions in general coordinates can be written in nondimensional
form as

ag oF aﬁ_ 1| 8
+ = Re [62

o - Jd . ~

— RE+ Ry +— (8¢ + 87 1
55t o R+ R + 35 )] (1)
The inviscid flux vectors in Eq. (1) are

d=q/J
E = (Etl? + EXE + gyF)/J
F’—‘ (7'[1(_] + T)xE + ﬂyF)/J (2)

and the viscous flux vectors are
R =R¥g,G) + R"3.q,) = (5.R + £,5/

S = SS(EI’QE) + S’"}([]’[I") = (an + nyS)/J (3)

where E, F, R, and S are the flux vectors in Cartesian coordi-
nates, and J the transformation Jacobian.
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Fig. 2 Qualitative distribution of longitudinal pressure gradient; ra-
tio of boundary-layer thickness to longitudinal radius of curvature,
and compression term (= — V¥), along a streamline originating at
y/8,=0.5.

An implicit approximate factorization finite-difference al-
gorithm is used to solve Eq. (1). Further details of the numer-
ical technique and the treatment of the boundary and initial
conditions may be found in Refs. 25 and 26. Briefly, a
120 x 48 grid was used for all calculations, and the resolution
near the wall was maintained such that the mesh size normal
to the wall was less than Sy/u,. The grid spacing in the stream-
wise direction was fine in the curvature region (Ax /8, = 0.045)
and stretched to a coarser grid [(Ax/8g)max = 0.64] up- and
downstream of the curvature region.

III. Viscosity Models

Sutherland’s law is used to calculate the laminar viscosity.
The effects of turbulence are simulated in terms of an eddy
viscosity coefficient, using a zero- and a one-equation turbu-
lence model.

Zero-Equation Model

For the zero-equation model, the Baldwin-Lomax algebraic
model?! is used. Here, the laminar flow coefficients are re-
placed by

K [l He
= pu; + — =4 — 4
B= ot g o prlPr, C))
In the Baldwin-Lomax formulation, u, is given by
Wt = (,u't)inner Y=y (5)

B = (r)outer Y>ye

where y is the local distance measured normal to the body
surface, and y. is the smallest value of y at which the values
from the inner and outer region formulas are equal. Within
the inner region,

(0 dinner = p1?| ©
where
I =ky[l—e-0/AM)
|w| is the magnitude of the local vorticity vector, and y*
= (VowTw/ma)y.

In the outer region, for attached boundary layers, the turbu-
lent viscosity coefficient is given by

(I"t)outer = KCcppFwakeFKleb(y) )

In Eq. (7), K and C,, are constants, Fy, is the Klebanoff
intermittency factor, and

Foaxe = ymameax (8)
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Fig. 3 Comparison between calculated and experimental pressure
distributions: a) model I; b) model II; and ¢) model II1.

where F,, is the maxi
defined as

mum value that the function F(y),

F(y)= oy [1—e-0"/47)] )

takes in a local profile, and yy., is the value of y at which F;,,
occurs. The constants appearing in Eqs. (4-9) are

Pr=10.72

Pr,=0.9

At =26 K = 0.0168

C,=16 (10)

Fig. 4 Comparison between calculated and experimental skin-fric-
tion coefficient distributions: a) model I; b) model II; and ¢) model
II1.

One-Equation Model

The one equation model (or kinetic energy equation model)
uses an additional partial-differential equation to calculate the
eddy viscosity coefficients. The model used in the present
work was formulated by Rubesin?> for compressible flows,
based on the Glushko?” model for incompressible flat-plate
boundary-layer flows. Coakley et al.!” used a simpler version
of Rubesin’s model where certain compressibility terms in-
volving first derivatives of the temperature were omitted.
(These terms were found to have a negligible effect by Viegas
and Coakley.!¢) This model has one turbulence source func-
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Fig. 5 Comparison between calculated and experimental velocity profiles: a) model I; b) model II; and ¢) model III.
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tion H:
Hy = u,S?~20kD/3 — Cpyk /L? an
where
S2=(uy + v + 2[u? + v + (v/r)] - 2D?%/3
D=u,+v, +v/r
e = o RHAR,/Ry)
R, =pVk L/p
HR=R for R<0.75
=R—-(R-0.75% for0.75<R=1.25
=1 for 1.25<R

a=0.2,C=3.93, Ry=110, Pr, =2.5

Here £ is the turbulence kinetic energy, k = pu/u}/2p, and L
is the length scale as specified by Glushko?":

L/6=y/8 for 0 < y/6<0.23
_ (/8 +0.37) ¥y
= 261 for 0.23 < 5<0.57
(148 -y/9) ¥y
= 25 for 0.57 < 5 = 1.48 (12)

The total kinetic energy diffusivity u, is given by
Bk =+ pe/Pry (13)

The total viscosity u and the thermal energy diffusivity are as
in Eq. (4).

IV. Results

To obtain the initial profile for the computations, the flow
on a flat plate was calculated and adjusted until the upstream
Reynolds number based on boundary-layer thickness matched
the value observed in the experiment. For both the computa-
tions and the experiment, the stagnation pressure was 6.9 X
10° Pa (100 psia), and the incoming flow had a freestream
Mach number of 2.87 with a unit Reynolds number of 6.3 x
107/m. The wall conditions were assumed to be adiabatic. The
incoming turbulent boundary layer developed in a zero pres-
sure gradient, and just upstream of each model the bound-
ary-layer thickness &, was 26 mm.

The x coordinate was defined as the streamwise direction
and was measured along the surface of the model with the
origin at the beginning of curvature. The y coordinate was
measured normal to the wall.

The calculated wall static pressures are compared with the
experimental values in Fig. 3. The results show good qualita-
tive agreement, but quantitatively the agreement is not so
satisfactory. For example, the calculation does not reproduce
the rather slow pressure rise observed in the model I experi-
ment downstream of the curvature, and the pressure gradients
for model III are underestimated. The two turbulence models
give almost identical results in the curved region, but in every
case the one-equation model predicts a slightly higher down-
stream level. The differences, however, are not significant,
and the two calculations bracket the isentropic value.

The skin-friction distributions are shown in Fig. 4. The
results for both turbulence models demonstrate excellent
agreement with experiment in the curved regions of all three
flows, especially when we note that the experimental uncer-
tainty in the absolute value of Cy in these regions is about
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Fig. 6 Oscillations in the calculated velocity gradient as a function of
the nondimensionalized time.

+15% and that the Preston tube values are probably more
reliable than those deduced from the velocity profiles. (The
principal difficulty in deducing Cy values in strongly perturbed
supersonic flows seems to lie in defining the correct boundary-
layer edge conditions. In the present case, this uncertainty
significantly affects the accuracy of the values derived from
the velocity profile in the region of rapid pressure rise.?)
Downstream in the recovery zone, however, the one-equation
model becomes more obvious as the perturbation strength and
duration increase; this trend demonstrates the importance of
including flow history effects in the calculation.

The calculated and experimental velocity profiles, shown in
Fig. 5, agree closely in the outer part of the layer, that is, for
y/6>0.2. The differences between the two turbulence models
are not really significant because the maximum experimental
uncertainty is about +5%, whereas the calculations agree
with the data to within 3-4%. Near the wall, the computations
do not reproduce the ‘‘kinks’’ observed in the experimental
profiles. When plotted in log-law coordinates, these kinks
show up as “‘dips’’ below the log law, suggesting an increase
in the turbulence length scale.*$ Both turbulence models have
a fixed length scale distribution, however, and cannot be
expected to reproduce these dips below the log law.

Similar calculations for a separated, shock-wave/boundary
interaction were presented by Degani and Steger.?* They re-
ported that a small perturbation introduced into the flowfield
caused the separation bubble to oscillate at almost constant
amplitude and frequency (about 2500 Hz). It was thought to
be due to a numerical interaction between the turbulence
model and the flowfield (Fig. 6, o = 20 deg and R = 0).

Repeating this case using the two turbulence models consid-
ered here showed only small differences among the models.
However, when the radius of the corner was changed to
R = 127 mm, the perturbation was damped to a steady state
(Fig. 6). The 16-deg case gave similar results; that is, oscilla-
tions were observed for R = 0 at about the same frequency as
observed in the 20-deg case but with a lower amplitude, and
damped oscillations were observed for R = 127 mm (Fig. 6).
Similar oscillations were observed experimentally?*3° at about
the same frequency, and it is possible that the numerical re-
sults are physically valid.

The fact that the frequencies observed in the two cases (16
and 20 deg) are about the same is to be expected, since the only
characteristic length is the boundary layer thickness upstream
of the bubble (which is about the same for both cases), and the
corresponding Strouhal number, St = f6,/Us, is approx-
imately constant.

V. Discussion and Conclusions

The results demonstrate that a one-equation model is supe-
rior to an algebraic eddy viscosity model for the calculation of
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curved, compressible flows. This conclusion holds over a range
of perturbation intensities and duration, although for some
quantities (such as the mean velocity) the differences between
the models are not significant. Relative to the calculations of
the Sturek-Danberg flow reported by Rubesin et al.,'® the
performance of the algebraic model in the current computa-
tions was generally better than the performance of the mixing
length model, whereas the one-equation results presented here
were considerably better than any of the calculations summa-
rized by Rubesin et al.

The relative success of these Reynolds-averaged Navier-
Stokes calculations strongly suggest that the need for empiri-
cal modifications to the turbulence length scale distribution,
commonly used to account for curvature and compressibility
effects,?* is partly driven by the use of the boundary-layer
approximation. The present calculations also lead to interest-
ing implications for the computation of shock-wave/bound-
ary-layer interactions. The mean flow measurements in mod-
els I and II were recently complemented by a complete set of
turbulence measurements.?! In the region downstream of the
curved wall, the mean and turbulent flow behavior for model
I was very similar to that observed downstream of the interac-
tion zone in the corresponding 8-deg compression corner flow,
with the same incoming boundary layer. Jayaram et al.?!
speculated that model I and the compression corner can be
classed as ‘‘rapid’’ perturbations, in that the flow behavior
appears to depend only on the total strain applied rather than
on the detailed nature of the strain field. Thus, we predict that
the one-equation turbulence model used here should perform
reasonably well in calculations of compression corner flows,
as long as the shock is not strong enough to produce a major
entropy increase, separation, or significant unsteadiness. Work
in this area is currently in progress.
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